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Chapter 2
Few-body physics of ultracold atoms and molecules with
long-range interactions
1. Introduction
The quantum mechanical few-body problem at ultracold energies poses
severe challenges to theoretical techniques, particularly when long-range
interactions are present that decay only as a power-law potential. One
familiar result is the modification of the elastic scattering Wigner threshold
laws1 in the presence of power-law interaction potentials. Analogously,
the near-threshold behaviors of all two-body scattering and bound state
observables require generalizations in order to correctly describe the role
of long range potentials. These generalizations are often termed modified
effective range theories2–5 or generalized quantum defect theories6–16,16–18
in the literature.
For simple, isotropic long-range interaction potentials involving one or
more power-law potentials, analytical solutions are often known at least
at zero energy, and allow extensive development in terms of closed-form
solutions through the techniques of classical mathematics.8,13,19
With anisotropic long-range interactions however, such as the dipole-
dipole interaction characteristic for a gas composed of polar molecules or
else of strong magnetic dipoles, often the theoretical heavy lifting relies
on numerical solution techniques.20–22 For dipolar scattering, numerical
methods provide critical detailed information beyond the insights gleaned
from simpler analytical approaches such as the partial-wave Born approxi-
mation.23–29
Moving from the problem of two interacting particles to three or more
involves a tremendous leap in the complexity of the theoretical description,
as well as a commensurate richness in the phenomena that can occur. For
three interacting particles having no long range Coulomb interactions, the
realm of universal Efimov physics has received tremendous theoretical in-
terest30–51 during the several decades since its original prediction52,53 in
1970. Moreover, it has received extensive experimental attention since the
3
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first clear observation of the Efimov effect in the 2006 measurement by
the Innsbruck group of Grimm and coworkers.54 The community of theo-
rists interested in the Efimov effect started initially in nuclear physics, but
the recent studies have concentrated on ultracold atomic and molecular
systems. This change in the relevant subfield occurred because the key pa-
rameter controlling Efimov states is the atom-atom scattering length, which
is nowadays controllable near a Fano-Feshbach resonance,55–59 through the
application of external fields.60–63
One of the interesting aspects of the Efimov effect is that for sufficiently
large two-body scattering lengths, the sum of pairwise particle interactions
produces a net effective attraction, namely a hyperradial potential energy
curve proportional to −1/R2 where R is the three-body hyperadius [see
Eq. (14)]. Such a potential is sometimes called a “dipole potential” because
it also arises in various atomic and molecular two-body systems, in partic-
ular when a charge moves in the field of a permanent dipole, which is either
a polar molecule64–67 or else an excited, degenerate hydrogen atom.68–70 A
peculiarity of such an attractive inverse square potential is that it is too
singular to produce a unique solution near the origin, and that behavior
must be regularized in any given physical system. For the charge-dipole
system, it occurs naturally because any dipole has finite extent and so the
dipole potential does not hold once the charge moves inside the charge
distribution that produces the dipole. In Efimov physics, the short-range
hyperradial phase as the system moves into the effective dipole potential
(Efimov) region of the hyperradius is regulated by the so-called “three-body
parameter”.71,72
We discuss the details of the three-body parameter in Sec. 3.1. The main
idea is the following: in the presence of zero-range two-body interactions,
the energy of the lowest Efimov resonance would drop to negative infinity
were it not for the fact that the −1/R2 potential energy does not hold all
the way down to R = 0 for any real system. Zero-range interactions are a
convenient model of Efimov physics, but they require the introduction of a
three-body parameter to truncate the ground state energy to a finite value.
One can view the three-body parameter as setting either a characteristic
length or energy related to the deepest Efimov trimer. When expressed
as an energy, it is the lowest Efimov energy level at unitarity, and when
expressed as a length it is the value of the negative scattering length a∗−
at which the lowest Efimov state binding energy goes to zero (for a < 0).
In some models, such as effective field theory71 or in a model analysis of
the adiabatic hyperspherical potential curves,73,74 it is possible to derive
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an approximate relationship between these two different ways of defining
the three-body parameter. In the first few decades of theoretical study of
Efimov physics, it was taken as a matter of fact that the three-body param-
eter could not be predicted in general on the basis of two-body interactions
alone, and that for different real systems that parameter would vary almost
randomly. This view was expressed, for instance, in.72 Thus it was a major
surprise when experiments on the system of three bosonic Cs atoms began
to show75 that several different Efimov resonances have almost the same
value of the three body parameter expressed as a∗−. In particular, expressed
in units of the van der Waals length rvdW, which is defined by
63,76
rvdW =
1
2
(2µ2C6/~2)1/4 (1)
for two atoms of reduced mass µ2 interacting via the −C6/r6 van der
Waals potential (r is the two-body distance), experiments showed that
a∗−/rvdW ≈ −10. Around one year later, theory was able to explain this
quasi-universality of systems having a long-range van der Waals interaction
between each pair of particles, but this eventually was explained for a sys-
tem of three identical bosonic atoms49 which was largely confirmed later
by50 and for a three-boson system with only two of the atoms identical
by.77
It remains of considerable interest to map out this recently identified
quasi-universality of the three-body parameter to see how it depends on
the nature of the long-range two-body interactions. Evidence that there
could be a universality for interacting dipoles was in fact suggested in two
studies of the three-dipole problem, first for three oriented bosonic dipoles
where an Efimov effect was predicted for the first time in a 3D system where
angular momentum is not conserved.78 That study was later extended to
three oriented identical fermionic dipoles where there is no predicted Efimov
effect, but nevertheless an interesting universal state could be predicted.79
The present review summarizes recent developments that have led to an
improved understanding of long-range interactions, focusing on two-body
and three-body systems with ultracold atoms or molecules. While there
have been tremendous accomplishments in experimental few-body physics
in recent years, the present review concentrates on the theoretical under-
standing that has emerged from combined experimental and theoretical
efforts. The theory has been developed to the point where we increasingly
understand which aspects of few-body collisions, bound states, and reso-
nances are universal and controlled only by the long-range Hamiltonian,
and which aspects differ and distinguish one species from another having
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identical long-range forces.
2. van der Waals physics for two atoms
2.1. van der Waals universality and Feshbach resonances
with atoms
Let us consider two atoms interacting by a long range potential of the form
−CN/rN , where r is the distance between the atoms. While the physics
associated with various values of N has been widely studied, e. g., N = 1
(the Coulomb potential), N = 3 (two dipoles, see Sec. 5.1), or N = 4 (an
ion and an atom, see Sec. 6), in this section we consider the specific case of
n = 6 for the van der Waals (vdW) potential between two neutral S-state
atoms. When the length r′ = r/rvdW and potential v(r) = V (r)/EvdW
are scaled by their respective van der Waals units of length and energy
EvdW = ~2/(2µ2r2vdW), the long range potential v(r′) between the two
atoms including the centrifugal barrier for partial wave ` is80
v(r′)→ − 16
r′6
+
`(`+ 1)
r′2
(2)
It is important to note that there are other conventions in the litera-
ture defining a length and corresponding energy associated with the van
der Waals potential. Gao13 uses β6 = 2rvdW and Gribakin and Flam-
baum76 introduced the mean scattering length a¯ = [4pi/Γ( 14 )
2]rvdW ≈
0.955978 . . . rvdW.
76 The latter is especially useful for giving a simpler form
to theoretical expressions.
Gao13 has worked out the analytic solutions for the bound and scattering
states of this potential, which are especially relevant to two- and few-body
physics with cold atoms, which to a large extent is governed by the states
near the E = 0 collision threshold, where E represents energy. These
analytic solutions are parameterized in terms of the s-wave scattering length
a,81 a threshold property of the scattering phase shift η(k)→ −ka for the
` = 0 partial wave as collision momentum ~k =
√
2µ2E → 0. Specifying
a specifies the bound (E < 0) and scattering (E ≥ 0) solutions away from
E = 0 for all `.12,14,82 For example, if a = ∞, there is not only an s-wave
bound state at E = 0, but also an E = 0 bound state for partial waves
` = 4, 8, 12 . . .; similarly, an E = 0 p-wave bound state exists if a = 2a¯ and
a d-wave bound state if a = a¯.
It is much more effective to use the analytic solutions to the van der
Waals potential instead of the solutions to a zero-range pseudopotential to
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characterize near-threshold cold atom physics, since the former are accurate
over a much wider range of energy near threshold. This is a consequence of
the fact that rvdW tends to be much larger than the range of strong chemical
interactions that occur when r  rvdW. Thus, the van der Waals potential
spans a wide range of r between the chemical and asymptotic regions, and
its solutions accurately span a range of bound state and collision energies
large compared to EvdW and large compared to energy scales relevant to
cold atom phenomena; see Refs.63,80 For example, Chin et al.63 give ex-
amples showing the near threshold spectrum of bound states for s-waves
(` = 0) and other partial waves (` > 0) on a scale spanning hundreds of
EvdW. These bound state energies in units of EvdW are universal functions
of a/rvdW, that is, species-specific parameters like the reduced mass and
the magnitude of C6 are scaled out by scaling by rvdW and EvdW, and the
scaled a captures the effect of all short range physics.
When the scattering length is large and positive, the energy of the last
s-wave bound state of the potential is universally related to the scattering
length by the simple relation,
EU−1 ≈ −
~2
2µ2a2
. (3)
It is simple to make universal corrections to this expression due to the
van der Waals potential. Using reduced units of  = E/E¯ for energy and
α = a/a¯ length, Gribakin and Flambaum76 and Gao81 have developed
corrections to the universal binding energy U−1 = −1/α2, valid when 1 
α <∞:
GF−1 = −
1
(α− 1)2 , 
Gao
−1 = −
1
(α− 1)2
(
1 +
g1
α− 1 +
g2
(α− 1)2
)
, (4)
where g1 = Γ(
1
4 )
4/6pi2 − 2 ≈ 0.9179 and g2 = (5/4)g21 − 2 ≈ −0.9468. Fur-
thermore, the universal van der Waals effective range correction re (defined
in Section 2.2) to the scattering phase shift for E > 0 is given by:13,83
re
a¯
=
Γ( 14 )
4
6pi2
(
1− 2
α
+
2
α2
)
(5)
Note that the effective range expansion breaks down near α→ 0, or |α|  1.
Fano-Feshbach resonances are possible when a closed channel bound
state is tuned in the vicinity of an open channel threshold. A closed spin
channel is one with separated atom energy (or threshold energy) Ec > E >
0 that, in the case of alkali metal species with Zeeman spin structure, has
a bound state with a different magnetic moment than the separated atoms
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of the threshold open channel, the difference being µdif . The “bare” closed
channel bound state energy tunes with magnetic field B as µdif(B − Bc),
whereas when the bare closed and open channels are mixed by interaction
terms in the Hamiltonian, the scattering length takes on the following form
near the resonance pole:
a = abg − abg ∆
B −B0 , (6)
where abg represents the “’background” or “bare” open channel scattering
length in the absence of coupling to the closed channel bound state and
∆ is the resonance “width.” The field position of the pole at B0 where
EU−1 = 0 is normally shifted from Bc, as described in the next paragraph.
It is the ability to tune the scattering length to any value using resonance
tuning that makes cold atoms such good probes of few-body physics.
It turns out to be very useful to characterize the properties of various
Feshbach resonance in terms of universal van der Waals parameters. In fact,
Chin et al63 introduced a dimensionless parameter sres = (abg/a¯)(∆µdif/E¯)
to classify the strength of a resonance. Broad, open channel dominated
resonances are those with sres  1, and narrow, closed channel dominated
ones are those with sres  1. The former tends to behave like single open
channel states characterized by the scattering length alone. The latter
tend to exhibit their mixed closed/open channel character, and can not be
fully characterized by their scattering length alone. However, all isolated
resonances take on the following simple threshold Breit-Wigner form for
the phase shift,84,85 here given in its near-threshold limiting form using the
leading terms in an expansion in κ = ka¯, valid when καbg → 0:
η(, B) = ηbg()− tan−1
(
κsres
−mdif(B −B0)
)
, (7)
where the reduced slope mdif = µdif/E¯, and the pole is shifted from the
“bare” crossing by B0−Bc = ∆αbg(1−αbg)/(1+(1−αbg)2). The universal
van der Waals Eq. (7) depends on the background scattering length αbg, the
“pole strength” sres in the numerator of the resonance term, and the slope
mdif . When collision energy is large enough that the condition καbg  1 is
not satisfied, then the simple threshold forms for the numerator and shift
term in Eq. 7 need to be replaced by the more complex energy-dependent
universal van der Waals functions of αbg as explained in Refs.
84,85
Julienne and Hutson86 give examples with Li atoms illustrating the uni-
versal binding energy formulas in Eqs. (3-4). The experimentally measured
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and coupled channels calculated binding energies for the broad 832G reso-
nance of 6Li with sres = 59 agree well with the Gao expression E
Gao
−1 , but
clear departures are seen from the conventional universal formula EU−1. On
the other hand, the more closed channel dominant 738G resonance of 7Li
with sres = 0.54 shows clear departures of calculated and measured binding
energies from these simple formulas as the field is tuned away from the
pole position. Blackley et al.85 test the effectiveness of the effective range
expansion for η(E,B) for finite energies near the resonance pole for sev-
eral different cases. While this expansion tends to be quite good near the
poles of broad resonances, it tends to fail for narrow resonances, whereas
the universal van der Waals expression of Eq. (7), or its energy-dependent
generalization, tends to be much more accurate.
Figure 1 illustrates some basic features of near-threshold bound states
and the scattering length as B is tuned for the case of two Cs atoms in their
lowest energy Zeeman sub level, based on the theoretical coupled channels
model in Ref.87 There are three prominent broad s-wave resonances present
with poles near 0 G, 550 G, and 800 G. The corresponding ramping states
are evident; the displacement between the apparent crossing of the linear
ramping level from the nearby resonance pole position is a manifestation of
the B0 − Bc shift discussed above. While the last −1 s-wave bound state
is too close to threshold to be seen, the flat −2 and −3 bound states for a
scattering length αbg = 18.3 are quite close to the actual calculated levels.
Here the integer quantum number −n counts the bound states down from
the threshold at E = 0. The agreement of calculated and universal van der
Waals s- and d-wave levels illustrates how the pure van der Waals levels
are good indicators of the levels of the real system, even on an energy scale
large compared to E¯ (E¯/h = 2.9 MHz in this case).
It is also apparent that the different resonances in Fig. 1 overlap to some
extent with one another. Reference88 shows how to extend the isolated res-
onance treatment above to a series of interacting resonances. While it is
still a good approximation to treat each resonance in an overlapping series
as an isolated resonance near its pole, with a uniquely defined sres param-
eter, its “local” background (in B near a pole) can be a consequence of
its interactions with other nearby resonances. While it is usually adequate
to consider resonances as isolated ones, we will give an example below in
Sec. 3.2 where the three-body Efimov physics of Cs atoms is affected by
two overlapping resonances.
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Fig. 1. Scattering length (upper panel) and bound state energies (lower panel) versus
magnetic field B for two interacting Cs atoms, each in its lowest Zeeman level with
spin projection quantum number +3. The solid lines show the s-wave results calculated
using coupled channels calculations with an s-wave basis set only;87 the heavy dotted
lines show the corresponding d-wave levels with the same total spin projection (Ref.87
also shows many other d levels with other projection quantum numbers not shown here,
as well as other resonances due to bound states of higher partial waves.) The dashed
lines in the lower panel show the −2 and −3 universal van der Waals s-wave bound states
corresponding to a “background” scattering length of αbg = 18.3 (dashed line in upper
panel); the light dotted lines in the lower panel show the corresponding d-wave bound
states. The arrows and crosses indicate the regions where universal three-body Efimov
states were observed.75
2.2. Feshbach resonances and multichannel quantum defect
theory (MQDT)
Theories that are typically grouped under the name “quantum defect the-
ory” can be viewed as having two main elements: (1) They systemati-
cally separate energy dependences arising from long-range interactions from
those associated with short-range physics; and (2) They connect and inter-
relate the physics of high-lying bound states (spectroscopy) with the proper-
ties of low-energy scattering states (collisions). Historically, the first study
along these lines was the development of effective range theory of Schwinger,
Bethe, Fermi and Marshall, and others, which expresses the cotangent of
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the low-energy s-wave scattering phase shift as k cot δ`=0 → −1/a+ rek2/2
and relates a to the energy of a high-lying bound state when the scattering
length is large and positive [see Eq. (3)]
The most systematic separation of short-range and long-range influences
on single-channel collisions and spectroscopy in the context of atomic Ry-
dberg states was developed by,19 who described his theoretical framework
using the term “quantum defect theory” (QDT). An earlier forerunner of
these ideas was a derivation by89 of the single channel Rydberg formula for
any system like an alkali atom with a single electron moving outside of a
closed shell ion core. Generalizations exist for effective range theory, e.g.
to include energy dependences associated with long range potentials due
to polarization2 or repulsive Coulomb forces relevant in nuclear physics.90
One key difference between these generalized effective range theories and
quantum defect theories is that the former typically concentrate on develop-
ing low-energy expansions of phase shift behavior, whereas quantum defect
theory normally relies on exact solutions as a function of energy and has
a wider range of applicability as a result. Quantum defect theory was also
generalized to treat attractive or repulsive charge-dipole potentials ±1/r26,7
and polarization potentials that are attractive8,17,18 or repulsive.91
Typically quantum defect theories have a wider energy range of validity
than the simpler effective range theories, because the latter rely on Taylor
expansions of the long-range field parameters in powers of the threshold
energy whereas the former utilize exact (often analytically known) proper-
ties. Subsequent generalizations to treat cold collisions began in the 1980s
in the context of chemical physics.9,92 Later when ultracold collisions be-
came crucial to understand for the burgeoning field of dilute quantum gases,
theories aiming more concretely at describing two-body interactions with
long range van der Waals tails were developed in earnest,10,11,13–15,93 and
they all demonstrated great efficiency in characterizing the energy depen-
dence of single-channel and multichannel solutions to the coupled equations
whose solutions govern the properties of Fano-Feshbach resonances. One
of the most recent generalizations and improvements to the theory by16
has been applied to the 6Li-133Cs collision system94 where multichannel
QDT (MQDT) predictions are compared with other treatments such as the
full close-coupling solutions as well as the simpler and more approximate
“asymptotic bound state model” (ABM).95
The key idea of all these theories is that beyond some range r > r0, it is
usually an excellent approximation to treat the motion of separating par-
ticles as though they are moving in a simple, one-dimensional long-range
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potential Vlr(r). In a typical system involving cold collisions of ground state
atoms, when particles separate beyond a distance of around r0 ≈ 30a.u.,
the potential energy can be accurately approximated by a van der Waals
potential −C6/r6. The solutions to the corresponding radial Schro¨dinger
equation have been worked out in fully analytical form by13 but it is of-
ten simpler to rely on numerical QDT solutions to the radial differential
equation. Two linearly independent solutions in this theory are denoted
(fsr, gsr) where the superscript “sr” is meant to indicate that these are
characterized by “short range” boundary conditions that guarantee these
solutions are smooth and analytic functions of energy at small distances
r ≤ r0.
In the case of long range attractive single-power-law potentials −CN/rN
with N ≥ 3, all linearly-independent solutions at small distance are oscil-
latory all the way down to r → 0 even for nonzero centrifugal potentials
`(` + 1)/2µ2r
2 with ` > 0. Two energy-analytic solutions fˆ , gˆ in the no-
tation of16 can be identified in such cases by giving them equal amplitude
near the origin and choosing a 90 degree phase difference. For instance, in
the WKB approximation which is often adequate to specify boundary con-
ditions in cold collision problems, but not essential, these analytic solutions
have the following behavior in channel i at small r:
fˆi(r) =
1√
ki(r)
sin(
∫ r
rx
ki(r
′)dr′ + φi) at r = rx , (8a)
gˆi(r) = − 1√
ki(r)
cos(
∫ r
rx
ki(r
′)dr′ + φi) at r = rx , (8b)
where the point rx is some fixed small distance, and the phase φi is
in general independent of energy and r and is chosen according to some
convenient criterion. A choice particularly advantageous for φi at `i > 0
is the one suggested by,16 which picks the unique phase such that at zero
channel energy, the exact zero-energy independent solution gˆi(r) approaches
r−`i at r → ∞ at channel energy i = 0. Because the potential energy is
deep in the region where the boundary conditions are chosen, far deeper
than the energy range of interest in cold or ultracold collisions for practically
any diatomic system, fˆ , gˆ will be extremely smooth functions of energy over
a broad range from well above a dissociation threshold to well below. The
usual set of real regular f and irregular g functions from scattering theory
that oscillate 90 degrees out of phase at infinity with equal amplitudes are
more convenient to use for defining physical reaction matrices. For any long
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range field one must find the energy- and `-dependent constant coefficients
A,G relating f, g to fˆ , gˆ, a relationship written as:
fi(r) = A
1/2
i fˆi(r), (9a)
gi(r) = A
−1/2
i (Gifˆi(r) + gˆi(r)). (9b)
The physical meaning of these parameters A,G has been expounded in
various references, although the notations and conventions are not always
uniform among the various QDT references. For instance, the long range
QDT parameter A1/2 can be viewed as containing the energy-rescaling fac-
tor needed such that the solution f has the usual energy-normalized am-
plitude at r → ∞. As such, it contains the threshold law physics, i.e. the
Wigner threshold laws and their generalizations appropriate to different
long range potentials. The parameter A in this notation connects with the
parameter C(E)−1 in the notation of,9 where also the long range parameter
G is written as tanλ(E). The significance of the C(E) and tanλ(E) func-
tions for cold atomic collisions is discussed by93,96 along with illustrative
figures of their behavior. The parameter λ(E) is interpreted qualitatively
as reflecting the fact that two linearly independent solutions that oscillate
90 degrees out of phase at small-r generally cannot generally retain this
phase difference all the way to ∞. The asymptotic solutions of scattering
theory (reaction matrices, etc.) require solutions 90 degrees out of phase at
infinity, and relevant phase correction parameter λ(E) or equivalently G(E)
must be determined for each long range field of interest.
A major difference between MQDT and ordinary scattering theory is
that in multichannel quantum defect theory, one initially postpones en-
forcement of large-r boundary conditions in the closed channels, and works
with an enlarged channel space that includes closed (Q) as well as open
(P ) channels. The linearly-independent short-range (sr) reaction matrix
solutions in this enlarged channel space have the following form outside the
radius r0 beyond which the potential assumes its purely long-range form:
Ψi′ =
∑
i
Φi(fˆi(r)δii′ − gˆi(r)Ksrii′). (10)
These solutions are sometimes called “unphysical” because they diverge
exponentially in the closed (Q) channels at any given energy, and to obtain
the physical wavefunctions one must find superpositions of these linearly in-
dependent solutions that eliminate the exponentially growing terms. This is
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straightforward once one writes the coefficient of the exponentially growing
terms, namely
(fˆi(r)δii′ − gˆi(r)Ksrii′)→ (cos γiδii′ + sin γiKsrii′) exp(κir) (11)
And the linear algebra that produces the physical reaction is simple, as
has been derived in many other references, giving
K = Ksroo −Ksroc(Ksrcc + cot γ)−1Ksrco (12)
In this form, the appearance of Fano-Feshbach resonances is manifestly clear
through the matrix inversion that becomes singular near closed-channel res-
onances. The smoothness of Ksr implies that it is often energy-independent
and even field-independent to an excellent approximation over a broad
range, i.e. over 0.1-1 K in energy and over hundreds of gauss. Moreover the
eigenvectors are expected on physical grounds to be approximately given by
the recoupling transformation coefficients connecting short-range channels
|(i1i2)I(s1s2)SFMF 〉 to the different coupling scheme appropriate at long
range. Specifically, in this short range coupling scheme, the nuclear spins
i1, i2 and electronic spins s1, s2 of the individual atoms are first coupled to
total nuclear and electronic spins I and S in the presence of strong elec-
tronic interaction, then couple to the total hyperfine angular momentum F
and its projection mF for the much weaker hyperfine interactions. At zero
B-field, the asymptotic coupling that is relevant has good atomic hyper-
fine quantum numbers |(i1s1)f1m1(i2s2)f2m2〉. But when B 6= 0 one must
diagonalize the Breit-Rabi Hamiltonian:97,98
hˆj = ζiˆj · sˆj + geµBB · sj + gnµBB · ij (13)
to find the atomic dissociation thresholds and eigenvectors 〈(i1s1)f1|λ1〉m1
and 〈(i2s2)f |λ2〉m2 as well, in order to construct a first order approximation
to the asymptotically correct channel states. In Eq. (13) ge, gn are electron
and nuclear g factors, µB is the Bohr magneton. The projection of these
onto the short-range eigenchannels gives a unitary matrix X that plays the
role of a frame transformation which can give an effective approximation
scheme that does not require solution of any coupled equations. Example
applications of this multichannel quantum defect theory with frame trans-
formation (MQDT-FT) are discussed by.11,15,94 Note that similar content is
expressed in the “three-parameter” description of two-body Fano-Feshbach
resonances as developed by.99
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2.3. Numerical predictions of Feshbach resonances
Although the MQDT has proved to be a very powerful tool to study low-
energy scattering problems and to make quantitative predictions in many
systems, in heavier atomic systems such as Cs, the importance of dipolar
interaction,100,101 second order spin-orbit coupling,102–105 and higher order
dispersive potential (−1/r8, −1/r10, ...)106 make the Feshbach spectrum
more complicated and difficult to be treated by the MQDT via frame trans-
formation. It is therefore essential to numerically integrate the Schro¨dinger
equation to study the Feshbach physics in such systems.
Numerical studies of atomic collisions relevant to ultracold experiments
were firstly done for hydrogen atoms.100,107 Later studies then focused
on alkali atoms61,101,102,108–112 with their cooling down to quantum de-
generacy, and more recently on ultracold lanthanizes — Er and Dy.113–115
When including the spin degrees of freedom, ultracold atomic collisions can
be solved as a standard coupled channel problem with typically a few to
tens of channels. In the cases where the magnetic dipole-dipole interaction
and/or the anisotropy of electronic interactions are not negligible, orbital
angular momentum ceases to be a good quantum number and therefore
needs to be coupled. This can lead to thousands of coupled channels in
case of highly magnetic atoms like Dy or Er113–116 and therefore makes
scattering studies quite numerically demanding, if scattering over a wide
range of magnetic field is to be investigated.
For collisions between alkali atoms that have been widely studied, only
the lowest two Born-Oppenheimer potentials 1Σ+g and
3Σ+u are involved.
Although these potentials are labeled by the total electronic spin S, it
is more convenient to expand the scattering wave function in individual
atom’s electronic and nuclear spin basis where the Hamiltonian matrix can
be efficiently evaluated (see, for example, Ref.63,87,117,118 for implementa-
tions). In the asymptotic region where interactions between atoms vanish,
the scattering solution is projected to the eigenbasis of individual atoms —
the atomic hyperfine states (see Sec. 2.2) — where the scattering matrix is
extracted.
The main challenge in the numerical study of ultracold collisions is the
large integration range in the atomic separation, since the range should be
at least a few times of the de Broglie wavelength. This typically means a
range over 104 Bohr and could be even larger when close to a Feshbach res-
onance. At small inter-atomic distance the Born-Oppenheimer potentials
are generally deep enough for the scattering wave function to have hundreds
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of nodes, which require a good number of radial points or radial elements
to represent. Although it is not a real issue for modern computers to solve
such a problem in the simplest scenario, the calculations start becoming
cumbersome when different partial waves are coupled by, for instance, the
magnetic dipole-dipole interaction.
To improve numerical efficiency, propagation methods are widely used in
such scattering studies and also used in finding weakly-bound state energies
of Feshbach molecules. For scattering calculations, a practical choice is the
eigen-channel R-matrix propagation method,119 which is numerically stable
and has the flexibility of being adaptive to different radial representations.
3. van der Waals physics for three atoms
3.1. Universal three-body parameter
The three-body parameter is central in studies of low-energy three-body
physics. The origin of the parameter can be traced back to the early dis-
covery of a peculiar quantum behavior for three particles — the Thomas
collapse.120 In 1935, Thomas discovered that the ground state energy of
three identical bosons diverges to −∞ as the range of pairwise interactions
r0 shrinks to zero — even if one keeps the two-body binding energy E2b a
constant in this limiting process.
The three-body parameter is essentially introduced to “regularize” the
unphysical divergence of the three-body spectrum. In the effective field the-
ory (EFT)71 or in the momentum-space Faddeev equation,121 the Thomas
collapse is manifested as a logrithmic divergence of the three-body spec-
trum when the inter-particle momentum is taken to the “ultraviolet”
limit.30,122,123 This divergence can be formally avoided by adding a three-
body force that effectively introduces a cutoff in the inter-particle momen-
tum, which assumes one form of the three-body parameter.
The three-body parameter can be more intuitively understood in the
hyperspherical coordinates.124 In fact, this was the way used by Efimov
to discover the Efimov effect.33 The hyperspherical corrdinates are defined
for many particles in analogy to the spherical coordinates for one particle,
where only one of the cooridinates — the hyperradius
R =
√
m1m2r212 +m2m3r
2
23 +m3m1r
2
31
µ3(m1 +m2 +m3)
(14)
— represents distance, whereas all other coordinates are defined as “an-
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gles”. The three-body mass µ3 can be defined as
µ3 =
√
m1m2m3
m1 +m2 +m3
. (15)
The advantage of the hyperspherical coordinates is primarily from R being
a universal breakup coordinate for all defragmentation processes. The hy-
perangles, represented by a collective of coordinates Ω, can have different
definitions according to the choice of orthogonal coordinates.124
Fixing E2b in the limit r0 → 0 is essentially equivalent to keeping the
two-body scattering length a unchanged. To study the behavior of three
particles in the universal limit where |a|  r0, it is easier to consider the
special case with |a| → ∞ and r0 → 0. In this case it is easy to show33
that the hyperadial motion separates from the hyperangular motions. The
hyperangular motions can be solved analytically and lead to the following
hyperradial equation:
~2
2µ3
(
− d
2
dR2
+
s2ν − 1/4
R2
)
Fν(R) = E3bFν(R), (16)
where sν are universal constants.
33 For identical bosons and some combi-
nations of mass-imbalanced three-body systems, the lowest s2ν is negative
— we denote it as −s20 with s0 ≈ 1.00624. Eq. (16) then leads to the well-
known “fall-to-the-center” problem125 — the three-body energy E3b has no
lower bound. The problem comes, obviously, from the effective hyperradial
potential
Uν(R) = −s
2
0 + 1/4
2µ3R2
~2 (17)
being too singular near the origin. To avoid this three-body collapse, some
regularization is needed such that the −1/R2 potential does not extend all
the way to R = 0. A simple cure is to give a cutoff to the −1/R2 potential,
which is equivalent to giving an earlier mentioned momentum-space cutoff
in the EFT. In either case, a cutoff leads to a finite three-body ground state
energy E0, or a binding wavenumber κ
∗ =
√
2µ3E0/~ which is another form
of the three-body parameter.
Although the r0 → 0 situation is not realized in nature, the unitarity
condition where |a| → ∞ is now routinely realized in ultracold atoms by
using Feshbach resonances.63 In this case, the −1/R2 long-range potential
leads to an infinite number of three-body bound states — Efimov states
— with energies following a geometric scaling En+1/En = e
−2pi/s0 , which
can happen even when none of the two-body subsystems is really bound
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(|a| → ∞ implies E2b → 0). This is known as the Efimov effect33,52 in
quantum physics.
In case of finite |a|, the −1/R2 potential still exists but only extends to
a distance R ∼ |a|, so there will be only a finite number of Efimov states.
As demonstrated in Fig. 2, however, when |a| increases more Efimov states
become bound either below the three-body breakup threshold or the atom-
dimer threshold, for a < 0 or a > 0, respectively. The values of a where
the first Efimov state becomes bound, a∗− (a < 0) or a
∗
+ (a > 0), as well
as the position of the first three-body recombination minimum a∗0
71,73 at
a > 0, can also represent the position of the ground Efimov state and are
therefore often referred to as the three-body parameter as well.
a1/a < 0 a > 0
E3b
E0
E1
-a*
+a*
-a*e
�/s0
+a*e�/s0
E2
Fig. 2. The Efimov spectrum in a three-body system. On the negative side of a, the
Efimov trimer states are born from the three-body continuum (top blue region) as —a—
increases. The first state is born at a = a∗− and consecutive ones are born at a =
enpi/s0a∗−. On the positive side of a where a weakly-bound two-body state exists, the
Efimov states merge into the atom-dimer continuum each time when a changes by a
factor of epi/s0 . The lowest merging position is denoted as a∗+.
Generally speaking, the above mentioned representations of the three-
body parameter are related by the universal relations. For identical bosons
these are known as71,126
a∗− ≈ −1.501/κ∗, a∗+ ≈ 0.0708/κ∗, and a∗0 = 0.316/κ∗. (18)
In realistics systems such as ultracold atoms, the ground Efimov state is
often “contaminated” by the details of short-range interactions that deviate
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from the −1/R2 effective potential, so large deviations from the universal
relations are often reported in the experimental observations at low scat-
tering lengths.54,127–130
With the concept that the −1/R2 Efimov potential extends to small R
and keeps attractive even when it is modified by short-range interactions, it
is natural to expect that the ground Efimov state energy depends strongly
on how this potential behaves from R = 0 all the way up to R & r0, or in the
very least, on the semiclassical WKB phase Φ in this range of the potential.
It can be shown124 that when Φ changes by ±pi the whole Efimov spectrum
is overall shifted by n→ n∓ 1, whereas the low-energy three-body observ-
ables are kept unchanged. In atomic systems as short-range interactions
are strong enough to hold hundreds to thousands of ro-vibrational states
already in the two-body level, a less than 1 percent change in the interac-
tions would be sufficient to change the short-range phase by many multiples
of pi, which makes the prediction of the three-body parameter practically
almost impossible. In ultracold experiments, when the magnetic field is
scanned through different Feshbach resonances, the number of two-body
bound states changes so that the WKB phase in the two-body interactions
(at zero energy) changes through multiple of pi’s. An obvious guess on the
change of three-body phase is in a range greater than the change in the
two-body phase. Similarly, if experiments are done in different atomic hy-
perfine states it had been expected that the change in the interactions is
also significant enough to give completely different three-body phases.
Another layer of complication is that in realistic three-body systems
there are usually many atom-dimer breakup thresholds. In the hyperspher-
ical representation they are manifested by atom-dimer channels, whose po-
tential energies go asymptotically to the dimer energies. These potentials
should in principle couple to the Efimov potential when R . r0, which
seems to make the prediction of a three-body parameter even less likely.
Finally as shown in Fig. 3, the non-additive three-body forces for al-
kali atoms, which differ drastically for different atomic species or different
atomic spin states, are often stronger than the sum of two-body interactions
near the distance of chemical bond (. 30 Bohr). If three-body forces do
contribute to the three-body short-range phase, there would be even less
hope for the prediction of a three-body parameter due to the finite precision
at which the potential surfaces can be calculated.
Based on the above considerations, it has been generally believed71,72
that the three-body parameter should not carry any universal properties.
However, the experiments with 7Li atoms132,133 showed the first contra-
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Fig. 3. (a) Three-body full potential surfaces for alkali atoms that include three-body
non-additive potentials.131 (b) Three-body potentials with only the pair-wise sum of
two-body potentials. The units of potentials are converted into Kelvin by U/kB , where
kB is the Boltzmann constant. In both cases the atoms are spin-polarized (quartet state)
and are in the the D3h (equallateral triangle) geometry.
diction to this expectation: the three-body parameter was measured to be
independent of the atoms’ hyperfine state. More surprisingly, the Inns-
bruck group later measured a∗− for Cs near Feshbach resonances with quite
different characters but found a persistent value of75
a∗− ≈ −10rvdW, (19)
Moreover, the magnitude of the three-body recombination induced loss rate
L3 has been observed to be similar near the Efimov resonances in different
regions of magnetic fields.129 After the Innsbruck experiment, more exper-
imental results including the earlier ones (shown in Table 1), are found to
be consistent with this “universal” value of a∗− when it is cast in the unit
of rvdW.
The clear disagreement between the experiments and the theoretical
expectation triggered a good deal of interest in understanding the physics
behind this universality. A key question that needs to be addressed here
is the insensitivity of the three-body parameter to the complexity of the
134
a132
b128
c133
d135
e136
f75,129
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Table 1. The positions of the first Efimov resonances observed in experiments.
rvdW (Bohr) Hyperfine state B0 (G) sres a
∗
−/rvdW
7Li 32.5 f = 1, mf = 0 894.63(24) 0.493 -8.12(34)
a
f = 1, mf = 1 738.3(3) 0.54 -9
b
736.8(2) -9.17(31)b
39K 64.5 f = 1, mf = 0 58.92(3) 0.11 -14.7(23)
d
65.67(5) 0.11 -14.7(23)
471.0(4) 2.8 -9.92(155)
f = 1, mf = −1 33.64(15) 2.6 -12.9(22)
162.35(18) 1.1 -11.3(19)
560.72(20) 2.5 -9.92(140)
f = 1, mf = 1 402.6 (2) 2.8 -10.7 (6)
85Rb 82.1 f = 2, mf = −2 155.04 28 -9.24(7)e
Cs 101 f = 3, mf = 3 7.56(17) 560 -8.63(22)
f
553.30(4) 0.9 -10.19(57)
554.71(6) 170 -9.48(79)
818.89(7) 12 -13.86(149)
853.07(56) 1470 -9.46(28)
The positions of the Feshbach resonances (B0) are quoted from the corresponding
experiments.
three-body dynamics — vibrational and rotational excitations — at small
distances, which occurs in the case of alkali atoms where the interactions
are strong enough to have hundreds or thousands of ro-vibrational states
already on the two-body level.
This rather mysterious universality was soon understood by an effective
three-body barrier in the hyperspherical coordinates whose repulsive wall
is located near R = 2rvdW. This was demonstrated by
49 where all the
two-body ro-vibrational states from rather deep van der Waals potentials
are included in their calculations. Naidon, et al.50 also show such a “uni-
versal” barrier by including only the vibrational states. Intuitively, this
barrier gives a short-range cutoff to the Efimov potential and “protects”
the Efimov states from the influence of three-body forces at small distances.
This barrer leads to the suppression of the three-body amplitude inside the
barrier, which is in fact not a necessary condition for a universal three-
body parameter — as we will discuss below for the heteronuclear systems
with extreme mass ratios. The crux for the universality lies in the univer-
sal position of the hyperradial node or quasi-node (a node-like structure
where the amplitude is small but finite) that can be either understood by
the rise of the effective barrier or by the sharp increase in the interaction
strength.49,137 This nodal structure has also been interpreted as a conse-
quence of universal three-body correlation for van der Waals interactions,
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and can be generalized to other types of short-range interactions except for
square well potentials.50
Similar to the homonuclear three-body systems, a heteronuclear three-
body system can also have the Efimov effect, particularly when two of the
particles are heavy (identical) and the scattering length between heavy (H)
and light (L) particles aHL is large.
33 In such a system the Efimov scaling
factor e2pi/s0 is small,33,138 excited Efimov states are therefore easy to form
and this is often called an “Efimov-favored” scenario.
Since the scaling behavior of the aboved-mentioned hyperradial poten-
tials depends on the mass ratio,33,138 the universality in the three-body
parameter found in homonuclear systems cannot be readily carried over
to heteronuclear systems. Nevertheless, Wang, et al. have shown77 that
the three-body parameter in a heteronuclear atomic system is also univer-
sally determined by rvdW without being affected by the details of short-
range interactions. In the “Efimov-favored” systems, the universality of
the three-body parameter is particularly understood in a simple picture
when the motion of the light atom is treated by the Born-Oppenheimer
approximation.77
In this case the Efimov physics is dictated by the Born-Oppenheimer
potential UBO(r), where r is the distance between the H atoms. Here
the origin of the universal three-body parameter is a combination of the
universal property of the Efimov behavior in UBO(r) at large r and that
of van der Waals behavior at small r. This can be easily seen by writing
UBO(r) as
UBOν (r) = VHH(r) + V
BO
ν (r), (20)
where V HH(r) is the “bare” H-H interaction and V BOν (r) is the interaction
induced by L. The index ν labels the quantum states of L when H atoms
are fixed in space. The channel ν relevant to the Efimov effect is the
highest state with σg symmetry (zero angular momentum projection along
the H-H axis and the L wave function is symmetric upon inversion of its
coordinates). It is well-known that in this channel, V BOν (r) has the behavior
V BOν (r) ≈ −
χ20
2mLr2
~2 (21)
in the range rvdW,HL  r  |aHL|, where mL is the mass of L, rvdW,HL is
the van der Waals length between H and L, χ0 ≈ 0.567143 is a universal
constant. At r < rvdW,HL, V
BO
ν (r) behaves in a complicated way due to
avoided crossings with other channels, but has a magnitude on the order
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of the van der Waals energy EvdW,HL = ~2/(2µHLr2vdW,HL), where µHL is
the reduced mass of H and L.
On the other hand, VHH(r) ≈ −C6,HH/r6 in the range r  r0,HH ,
where r0,HH is the distance where the electronic exchange interaction starts
becoming significant, with r0,HH < rvdW,HL < rvdW,HH often satisfied in
atomic systems. In such a scenario, the potential UBOν (r) is dominated
by the −1/r2 behavior when r  rvdW,HH but is otherwise dominated by
the van der Waals interaction −C6,HH/r6 when r0,HH  r  rvdW,HH .
Importantly, thanks to the universal properties of van der Waals inter-
action (see Sec. 2.1) the nodal structure of the Born-Oppenheimer radial
wave function Fν(r) in the van der Waals dominant region is completely
determined by C6,HH , or rvdW,HH , without refering to the interactions at
distances near or smaller than r0,HH . Moreover, this nodal structure “an-
chors” the position of the next node in the Efimov region, which determines
E0, or the three-body parameter. Such “universal” nodal determination is
demonstrated in Fig. 4 for a three-atom system with extreme mass ratio
— YbYbLi. In Fig. 4, the formation of a regular nodal structure in the
region r . rvdW,HH is clearly shown when the van der Waals interaction
−C6,HH/r6 extends to smaller distances but with aHL fixed. In fact, this
nodal structure closely follows that in the zero-energy wave function in a
pure −C6,HH/r6 potential with the same aHL.
Briefly speaking, the universality of the three-body parameter in an
“Efimov-favored” system can be understood as the following: all the non-
universal ingredients in V BOν (r) near r . rvdW,HL are “dissolved” by the
strong van der Waals interaction in VHH(r), whereas the non-universal
ingredients in VHH(r) are completely “absorbed” in aHH . Using the above
picture, a universal three-body parameter can be obtained analytically,
which depends only on aHH , rvdW,HH , and the mass ratio.
77
In the “Efimov-unfavored” heteronuclear systems where mH/mL . 1,
Ref.77 shows that the three-body parameter is still universal, but with a
mechanism similar to the identical boson case, i.e., with the existence of a
universal repulsive barrier.
Finally, it should be noted that the above theoretical analyses are based
on single-channel atomic interactions and are therefore not expected to
be applicable to narrow Feshbach resonances. Experimental observations
on identical bosons, however, have shown consistency with the universal
three-body parameter for relatively narrow ones in 7Li and 39K (see Ta-
ble 1). These interesting observations are yet to be understood by future
studies. In addition, in recent ultracold experiments on the CsCs6Li sys-
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tem140,141 where the Cs-Li Feshbach resonance is relatively narrow, the
observed three-body parameter is also consistent with the theory for broad
Feshbach resonance — a prediction based on Ref.77 The physics behind
these unexpected agreements is still under investigation, and may be un-
derstood by the three-body spinor models introduced in Sec. 3.2, where the
multichannel character of the Feshbach resonances is properly represented.
3.2. Three-body physics with spinors — multichannel models
Although the situation of large scattering length is almost always produced
by multichannel phenomena in nature, the majority of studies on Efimov
physics so far are performed by single-channel interactions. Such treatment
is adequate near broad, or open-channel dominant Feshbach resonances
where studies117 have shown that the two-body physics in those cases can
be well represented by models with single-channel interactions.
Generally, an isolated Feshbach resonance can be characterized by two
parameters: the background scattering length abg and the sres parameter.
A broad or narrow Feshbach resonance can be distinguished by sres  1
or sres  1. Today the question on Efimov physics and three-body scaling
properties is more focused on the cases of non-broad Feshbach resonances
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where sres  1 is not satisfied so that a single-channel treatment is expected
to fail. As such Feshbach resonances are commonly accessed in ultracold ex-
periments, it is particularly desirable to understand the three-body physics
in such cases.
The success of the zero-range interaction model in predicting the Efi-
mov effect52 make it attractive to extend the model to a multichannel ver-
sion. Efimov made an early effort in this direction to understand how the
Efimov effect can manifest in the presence of the nuclear spin.142 Some
other recent efforts focused more on reproducing the energy dependence of
two-body scattering near narrow Feshbach resonances by generalizing the
zero-range boundary conditions or by introducing a two-body “molecular
state” into the three-body Hamilton.126,143–147 These theories all introduce
a parametrization by the effective range re or equivalently the R
∗ param-
eter.126,143 For atoms with van der Waals interactions R∗ is defined as
R∗ = rvdW/sres; near narrow Feshbach resonances there is further the re-
lation re ≈ −2R∗. Such parametrization, though simple and elegant and
is expected to work in the extreme limit |a|  r0 and sres  1, is not
sufficiently capable of representing van der Waals physics for three atoms.
More sophisticated multichannel zero-range models treat the closed-
channel Hilbert space in equal footing with the open-channel space, rather
than simply a bound “molecular state”. A relatively straightforward way
to do this is to write the three-body wave function Ψ as a superposi-
tion of open- and closed-channel components ψopen and ψclose, and match
Ψ separately in the open- and closed-channel zero-range boundary condi-
tions.148–150 A more rigorous way is to build the internal degrees of freedom
— such as spins — directly to individual atoms, as the multichannel zero-
range model by.151
Thanks to their simplicity, the multichannel zero-range models have re-
cently been applied to fit three-body recombination losses in ultracold ex-
periments150 and to study spinor condensates.152 It should be noted, how-
ever, that the zero-range boundary condition for the closed-channel wave
function implies a weakly-bound two-body Feshbach state in the closed
channel, which is rarely the case for realistic systems. In addition, the mul-
tichannel zero-range models still have the Thomas collapse,150 which also
limits their predictive power for ultracold experiments.
To better understand the role of van der Waals physics in ultracold col-
lisions of three atoms, it is desirable to have a multichannel model that
has finite-range van der Waals interactions built in. Moreover, the connec-
tion found by153 between a d-wave two-body van der Waals state and a
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three-body state suggests that a correct characterization of the high-lying
two-body van der Waals spectrum is also important for predicting ultracold
three-body physics in atoms.
Recently, significant progress has been made by51,154 down this road,
where the authors have developed a three-body multichannel model with
van der Waals interactions. By allowing atoms in their model to carry
multiple spin states and interact via spin-coupled van der Waals potentials,
the authors have successfully reproduced/predicted many experimentally
observed three-body loss features without fitting parameters, particularly
in the case of Cs where three-body physics has been extensively studied
in Innsbruck experiments.129 After the groundbreaking discovery of a uni-
versal three-body parameter, this theoretical work shows that without ad-
dressing the unknown short-range details, ultracold three-body physics in
atoms can be quantitatively predicted. This pushes the front of few-body
research to a much further position.
In Wang, et al.’s work, three atoms are represented by the Hamiltonian51
H = T − (µsi + µsj + µsk)B + usi + usj + usk (22)
+
∑
si,sj ,sk
|sk〉〈sk| ⊗ |sisj〉S†vsisj ,s′is′jS〈s′is′j |.
Here T is the kinetic energy for the relative motion of three atoms, |si,j,k〉 is
the spin state of atom i, j, or k, which can take |a〉, |b〉, |c〉, ... in a multi-spin
model. Also, µsi is the magnetic moment for an individual atom, and usi,j,k
is the zero-field, single-atom energies that represent the hyperfine splittings.
The pairwise two-body interactions vsisj ,s′is′j are in a symmetrized two-body
spin basis S|sisj〉 (S is the symmetrization operator), with 6-12 Lennard-
Jones potentials in the diagonals. Thanks to the universal properties of
two-body van der Waals physics,155 the near-threshold two-body spectrum
can be reasonably reproduced by the Lennard-Jones potentials that are
deep enough for a few bound states. By including more spin states this
Hamiltonian is capable of representing complicated Feshbach physics in
cold atoms. For instance, isolated Feshbach resonances can be represented
by including two spin states for each atom, whereas overlapping Feshbach
resonances can be represented by three spin states.
With this model, Wang, et al. have studied an interesting case in Cs
where an Efimov doublet was observed near a narrow g-wave Feshbach
resonance.75,129 Their calculations successfully reproduced the positions of
the Efimov resonances in the doublet and showed how the magnitude of
the loss rates can be predicted correctly when a 2-spin model is replaced
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by a 3-spin model, where the overlapping character of the g-wave Feshbach
resonance is better represented.51 Moreover, even though the theory agrees
with the experiment in that the positions of the Efimov resonances in this
case are all near the universal value, Wang, et al.’s theory further points
out that the universal resonance positions are actually a consequence of abg
being near the universal value (−10rvdW) and should not be considered as
general.154
The above mentioned multichannel three-body models can also be ap-
plied to heteronuclear atomic systems. For instance, to study the CsCsLi
Efimov physics in the ultracold Cs-Li admixtures realized in the Chicago
group140 and the Heidelburg group,141 a 2-spin model can be used to treat
the CsLi interactions.140 With the great variety of heteronuclear combi-
nations that are accessible to future experiments, theoretical studies with
multichannel models are just in the beginning. In this context, many ques-
tions on the van der Waals universality still remain to be answered.
Finally, it should mentioned that the magnetic Feshbach resonances are
by far not the only place where multichannel physics is important. In the
emerging fields of ultracold studies where light is used to manipulate the
atomic interactions, such as the optical Feshbach resonance63 and synthe-
sized spin-orbit interactions,156 new, interesting few-body phenomena due
to multichannel physics is already start being predicted or observed (see
Sec. 6).
4. van der Waals physics in the chemical reaction of compact
molecules
We have been discussing the weakly bound states of three atoms, or the
collisions of an atom with a weakly bound dimer. Now we turn to collisions
or chemical reactions of ordinary molecules, for example, in their ground vi-
brational state. Such molecules are much more complex than atoms, having
additional degrees of freedom, and their chemical reaction dynamics pro-
vides an excellent example of few-body dynamics. While we may expect
that molecular dynamics is too complex to show any universality, we will
show here that there are some cases, perhaps even widespread, where uni-
versality is found, that is, insensitivity of the reaction rate coefficient to the
details of short-range chemical interactions.
It is well-known that some chemical reactions are described by a univer-
sal classical model when there is a unit probability of a reaction occurring if
the two reactant species come in close contact with one another. The colli-
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sion cross section is then determined by the long range potential: it is only
necessary to count those classical trajectories of the colliding species that
are captured by the long range potential such that the collision partners spi-
ral in to close contact with each other. The Langevin model157 is a good ex-
ample of this for ion-molecule reactions, and the related Gorin model158,159
describes barrierless reactions between neutral chemical species that collide
via a van der Waals potential.160 describes the Langevin and Gorin models
in the context of chemical kinetics.
In the low temperature regime such classical capture models need to be
adapted to the quantum mechanical near-threshold dynamics governed by
quantum threshold laws and resonant scattering. This can be readily done
based on QDT treatments of neutral161 or ionic reactions.88 We concentrate
on the neutral case here, which has also been reviewed by.21 It is important
to note that QDT theories are not unique, but can be implemented in
different ways, in either their analytic or numerical versions, depending on
how the reference solutions to the problem are set up. We concentrate here
on the particular QDT implementation of Mies.9,92,93 Gao18,162–164 obtains
similar results with his implementation of the theory.
As discussed in Sec. 2.2, the essence of QDT for molecular reactions is
the separation of the interactions into short range and long range regions,
with the former characterized by a few quantum defect parameters that
allow for chemical reaction at short range. Generalizing the classical Gorin
or Langevin models to the quantum threshold is especially simple in a QDT
framework.165 The approach of the two colliding species is governed by long
range quantum dynamics, whereas the short range region is characterized
by perfectly absorbing, or “black hole” boundary conditions that allow no
backscattering of the incoming partial wave from the short range region.
On the other hand, the long range region can quantum reflect the incoming
flux in a way strongly dependent on partial wave `, allowing for quantum
tunneling to short range in the case of centrifugal barriers when ` ≥ 1.
Following Gao163 we will call QDT models with such “black hole” boundary
conditions quantum Langevin (QL) models.
In general, the short range region may not exhibit unit reactivity, but
may reflect some of the incoming flux back into the long range entrance
channel. The interference of incoming and outgoing flux establishes a phase
shift of the long range standing wave that is related to the scattering length.
In this “grey hole” partially reactive case, two dimensionless quantum defect
parameters are needed: one, s, related to the phase shift and one, 0 ≤ y ≤ 1,
related to the short range reactivity. The probability P of short range
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reaction is P = 4y/(1 + y)2.88 The rate constants for elastic scattering
or for inelastic or reactive scattering loss from the entrance channel are
determined from the diagonal S-matrix element S`(E) = e
2iη`(E), which
can be specified for any partial wave and E by the complex phase shift
η`(E), or alternatively, by a complex energy-dependent scattering length
a˜`(E) defined by:
166
a˜`(E) = − tan η`(E)
k
=
1
ik
1− S`(E)
1 + S`(E)
(23)
166 give the universal van der Waals s- and p-wave a˜`(E) in QDT form,
which reduce in the κ→ 0 limit to (in van der Waals a¯ units):
(a) α˜`=0 → s+ y 1 + (1− s)
2
i+ y(1− s) (b) α˜`=1 = −2κ
2 y + i(s− 1)
ys+ i(s− 2) . (24)
In the specific “black hole” case of the QL model, where P = y = 1,
the complex scattering lengths take on an especially interesting universal
threshold form, independent of s and with equal magnitudes for their real
and imaginary parts: α˜`=0 = 1 − i and α˜`=1 = −κ2(1 + i). The corre-
sponding elastic and reactive/inelastic loss rate constants are determined
respectively from |1−S`(E)|2 and 1−|S`(E)|2. The loss rate constants for
the lowest contributing partial waves near the k → 0 threshold are
(a) K loss`=0 = 4pig
~
µ
a¯ (b) K loss`=1 = 40.122g
~
µ
k2a¯3 , (25)
where the symmetry factor g = 2 in the case of identical particles in
identical internal states and g = 1 otherwise; identical bosons only have
even ` collisions and identical fermions only odd ones, whereas noniden-
tical particles have both. The numerical factor in the p-wave expression
is Γ( 14 )
6/(12piΓ( 34 )
2) ≈ 40.122, where all three components of the p wave
are summed, assuming them to have identical complex scattering lengths,
as would be the case for a rotationless molecule (total angular momentum
J = 0). Thus, the threshold thermally averaged universal van der Waals
rate constants for s-wave collisions is the constant expression in Eq. 25(a),
and for p wave collisions of identical fermions it is
K loss`=1 ≈ 1512.6
kBT
h
a¯3 , (26)
where kB is the Boltzmann constant and T is the temperature. Thus,
threshold s-wave collisions for “black hole” collisions are universally spec-
ified by the vdW length a¯ and p-wave ones by the van der Waals volume
a¯3.
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The predictions of these universal rate constants for the QL model agree
well with measurements on threshold chemical reaction rates of 40K87Rb
fermions in their v = 0, J = 0 state. The p-wave expression in Eq. 26 agrees
within experimental uncertainty when the fermions are in a single spin
state, verifying the linear variation of rate with T . The s-wave expression
in Eq. 25(a) agrees within a factor of 2 or better when the fermions are in
different spin states or when they react with 40K atoms.166
20,167 developed an approximate threshold model to extend the Gorin
model when an electric field is introduced to cause the molecules to have
a laboratory-frame dipole moment. 165 extended this method using a hy-
brid numerical quantum defect theory based on a sum of van der Waals
and dipolar long range potentials to predict the variation of reaction rates
of identical fermions with electric field, in excellent agreement with experi-
ment. These quantum defect treatments can readily be adapted to quasi-1D
(“tube” geometry with tight confinement in two directions)168 or quasi-2D
(“pancake” geometry with tight confinement in one direction)169 collisions
of reduced dimensionality D due to quantum confinement by optical lattice
structures. The three-dimensional (3D) boundary conditions due to short
range interactions is incorporated in the QDT parameters s and y, and the
asymptotic boundary conditions can be taken to be appropriate to the sit-
uation of reduced dimension due to quantized tight confinement.170 171 ex-
tend the universal vdW rate constants in Eqs. 25(a) and 26 to quasi-1D and
quasi-2D geometry, and additionally develop numerical methods for “black
hole” collisions in quasi-2D geometry when the molecules have a dipole mo-
ment; 172 also give similar calculations for KRb, and 173 and 174 discuss the
universal collisions of polar molecules containing other alkali-metal atoms.
These calculations explain experiments with 40K87Rb fermions in “pan-
cake” quasi-2D geometry, verifying earlier predictions175 that aligning the
dipoles perpendicular to the plane of the “pancake” suppresses the reac-
tion rate, instead of increasing rapidly with dipole strength as in ordinary
three-dimensional collisions.
QDT models can be readily extended to include more partial waves as
temperature T increases. Both 163,164 and 88 have done this to get universal
QL rate constants for both the van der Waals and the ion-atom cases (N =
6 and 4), including the quantum effect of centrifugal barrier tunneling. The
universal QL model goes to the classical Gorin or Langevin models when the
temperature goes above a characteristic temperature associated with the
long range energy scale. The QDT model can also be implemented for the
more general “grey hole” case, where both s and y are needed. Jachymski et
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al88 apply the general QDT theory to explain the merged beam experiments
on the Penning ionization of 3S1 metastable He atoms with Ar atoms
176 up
to collision energies on the order of 10 K. In this case, where both atoms
are in S states and there is a single potential, the contributions from all
partial waves, including a prominent shape resonance for ` = 5, can be
explained by a single s-wave complex scattering length parameterized by
s = 3, y = 0.007. In the more general case of molecules with anisotropic
potentials, we can expect to need `-dependent QDT parameters. Gao’s
discussion of the general case162,163 also describes the role or resonance
states, which allow incoming and outgoing scattering flux to make multiple
passes between the inner and outer regions, quite unlike the “black hole”
case, where resonances are suppressed by the total absorption at short
range.
The review by 21 examines the applicability of the universal QL model
to a variety of molecular collisions governed by the van der Waals potential.
They review work on the vibrational quenching collisions of atom A with
AB(v) or A2(v) molecules, where A and B represent alkali-metal atoms
and v is an excited vibrational level. Both measured AB(v) quenching in
magneto-optical traps around 100 µK (see their Fig. 21) and calculated
threshold quenching of A2(v) (see their Fig. 41) tend to be within around a
factor of 2 to 4 from the predictions of universal QL model. This suggests
that vibrational quenching in general tends to have a high probability of a
short range quenching event, that is, has a relatively large y not far from
unity. The question that remains to be answered is why the quenching rate
coefficients for different species and v levels fluctuate by several factors from
the predictions of the QL model.
Finally, it is important to note that real molecular collisions are likely
to involve a very dense set of resonance states associated with the various
vibrational and rotational degrees of freedom in the molecule. The Bohn
group177–179 has described how the density of resonances are so high that
statistical random matrix theories are needed to describe their effects even
at ultralow temperatures. Recent cold atoms experiments with the strongly
magnetic dipolar atomic species Er have uncovered a high density of Fesh-
bach resonance states characterized by a Wiger-Dyson distribution of reso-
nance spacings that is a characteristic of random matrix theory;115 similar
experiments are being carried out with Dy atoms.116 If there are many
resonances within the thermal spread kBT , the molecules are predicted to
stick together in a long-lived collision complex with a universal collision
rate given by the QL model.178 If non-reactive molecules in such a collision
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complex should undergo short range loss processes with unit probability
and never returned outgoing flux to the entrance channel, then they would
undergo loss processes at the same rate as a highly reactive collision. The
question of the magnitude and control of collision rates for the quenching
of internal vibration, rotation, or spin for ultracold molecules having dense
sets of resonance levels, as well as the nature of their three-body collisions,
remains an open research area experimentally and theoretically.
5. Dipolar physics for two and three atoms
As discussed in the previous sections, the recent experimental development
in producing ultracold ground-state polar molecules21 or ultracold highly
magnetic atoms23,114,115,180–191 has stimulated a lot of interest in the study
of few-body systems with the long-range dipolar interactions. To the sim-
plest level, dipolar atoms and molecules can both be modeled as point
dipoles with a “permanent” dipole moment that can be aligned by external
fields. As has been discussed in Sec. 4, however, the elastic properties of
such models do not hold for reactive molecules due to the highly inelastic
chemical processes that occur when molecules are close together, and the
random matrix theory arguments177–179 predict that even for non-reactive
molecules the elasticity is practically non-observable. We therefore restrict
the application of our discussion below to atoms only where the elasticity
of the short-range interactions is still preserved at current experimental
conditions.
5.1. Universal dipolar physics for two field-aligned dipoles
Generally speaking, the dynamics of dipoles include rotation of individual
dipoles where the angular momentum of a dipole is exchanged with its
environment. In practice, however, it is highly challenging to include the
rotational degrees of freedom in studies of few-dipole physics even for point
dipoles. Nevertheless, from the point of view of universal physics it is more
preferential to “freeze” the rotation of individual dipoles by orienting them
with external fields and study the scaling behavior of dipolar systems with
the anisotropic, long-range interactions.
For oriented dipoles, their interaction potential can be simply written
as
Vdd(r) =
2dl
µ2
1− 3(eˆ · r)2
r3
, (27)
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where the dipole length dl is the characteristic length scale for the dipolar
interaction,24 which connects to the induced dipole moment dm by
dl = µ2d
2
m~2 (28)
and is tunable by an external fields.192 The unit vector eˆ is along the
direction of the external field. For magnetic dipolar atoms dl can saturate
to as large as a few hundred Bohr, whereas for alkali dipolar molecules
the saturation value is between 103 Bohr to 105 Bohr. Without a short-
range cutoff, the dipole potential is too singular at the origin — the system
collapses again due to the “fall-to-the-center” problem.125 In reality the
“short-range” interaction always deviates from Eq. (27) and is regular at
the origin. A non-universal short-range cutoff funtion fc(r) needs to be
introduced in theoretical studies such that
fc(r)Vd(r)→ O(r0), r → 0; fc(r)Vd(r)→ Vd(r), r  r0. (29)
In spite of the non-universal behavior at small distances, universal scal-
ing properties with the strength of the dipolar interaction dl are in the
central of the study. Ref.26 shows that unlike short-range interactions, the
dipole potential leads to a low-energy expansion in the scattering phase
shift, whose real part of δ` characterizes the cross-section where ` is not
changed during a collision and has the form
Re[δ`(k)] = −a`k − b`k2 − V`k3 +O(k4). (30)
for any partial wave `, with the power of wavenumber k increases by 1 for
consecutive terms. Moreover, it is found that the expansion coefficients
may or may not have short-range dependence according to `.26 For ` = 0
all the coefficients are short-range dependent. For ` = 1, however, short-
range dependence only starts from the k3 term and beyond. Therefore, for
bosons non-universal behavior is generally expected in low-energy scatter-
ing, whereas for fermions universal expressions for scattering observeables
can be derived.24,26 The imaginary part of δl characterizes `-changing col-
lisions, which has k2 in the leading order and has the leading coefficient
that has been analytically derived.26
In analogy to the magnetic Feshbach resonance, formation of dipolar
resonances by tuning dl is also of great interest. It is known that the
dipolar couplings between different ` lead to both shape and Feshbach res-
onances23,192–196 and the relative positions between these resonances are
universal23,192,196 — i.e., independent of short-range details. Due to the
anisotropy of the dipolar interaction. However, the different partial wave
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characters that dipolar resonances bear make them line up with dl quite
irregularly. Nevertheless, such knowledge is still important for the develop-
ment of many-body dipolar theory, where the renormalization theory can
be readily applied and system independent properties can be derived.197
Being the connector between microscopic and macroscopic phenomena,
few-body studies, in particular two-body studies, play the role of develop-
ing simple models that can be used in studies of many-body physics. To
this end, zero-range models that can correctly reproduce low-energy scat-
tering properies have been developed in both 2D27,198,199 and 3D.200–203 In
view of stable dipolar gases against inelastic collisions, elastic two-dipole
physics in 2D or quasi-2D geometries has been studied in great details in
Refs.27,28,204–210
For studies of Efimov physics, however, zero-range models do not have
enough information in the scaling behavior of near-threshold bound states,
which is crucial for studies of the scaling laws. Numerical study based on
the potential in Eq. (27), however, indicates that the characteristic size of
the near-threshold dipolar states scales like dl and their energies scales with
−1/d2l .26
In studies on the transition from the weak dipole regime (dl . r0) to
the strong dipole regime (dl  r0), the concept of angular momentum
mixture is often used to indicate the level of anisotropy of a dipolar state.
Although this characterization is useful in connecting the ordinary molec-
ular physics to the dipolar physics when the dipolar interaction is not very
strong (or the dipoles are not strongly aligned), it becomes less useful in
the strong dipole regime where lots of angular momenta make contributions
and dipolar states take characters of “pendulum” states.26 Nevertheless,
the expectation value of the square of the angular momentum 〈Lˆ2〉 in this
regime follows a universal scaling
〈Lˆ2〉 ∝
√
dl
r0
(2ν +m` + 1), (31)
where ν is the vibrational quantum number of the pendulum states and m`
is the magnetic quantum number.
5.2. Universal three-dipole physics
The universal properties found in two-dipole physics have clearly stimu-
lated interest in the universal physics for three dipoles. To begin with, we
would first like to point out the non-trivial aspects in three-dipole physics,
particularly those relevant to Efimov physics:
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• The prediction of the Efimov effect was based on isotropic inter-
actions where the total orbital angular momentum J is conserved.
In the case of dipoles, however, it is not clear how the couplings
between partial waves may impact the Efimov effect.
• The Efimov effect also assumes a scattering length only in the s-
wave collisions, whereas the long-range dipolar interaction brings
in equally defined scattering lengths for each partial wave.
With the above question marks, a clear, definitive answer to the three-dipole
Efimov effect can only be given by a quantitative three-body theory where
dipolar interactions are properly treated. To this end, the hyperspherical
method would be a good choice for the study, where the existence of the
Efimov effect can be directly read off from the long-range scaling behavior
of the hyperradial potentials.124
By numerically solving the Schro¨dinger equation in the hyperspherical
coordinates, Wang, et al. showed78 that the Efimov effect does exist for
three bosonic dipoles near an s-wave dipolar resonance where the s-wave
scattering length as goes through a pole. It is also found that the dipolar
Efimov states follow the same scaling properties as the non-dipolar states.
More interestingly, contrary to a common expectation that the three-body
parameter is the most likely non-universal because of the irregular pattern
in the two-dipole spectrum (see Sec. 5.1), the ground Efimov state energy
is found to be universally determined by dl without referring to the short-
range details. This finding is similar to what has been discussed in Sec. 3.1,
but was discovered before the concept of universal three-body parameter
being built. In this case, the universal three-body parameter is also mani-
fested by a repulsive barrier in the hyperradial potential, but appears near
R = 0.7dl. The dipolar Efimov state is still s-wave dominant, the three
dipoles in this state therefore prefer to stay far away so that its size is
much bigger than dl. At the dipolar resonance, the position of the ground
Efimov state, given by the real part of its energy, scales like
Re(E0) ≈ 0.03 ~
2
md2l
. (32)
Interestingly, applying the universal relation between E0 and the Efimov
resonance position a∗− leads to
a∗− ≈ −9dl, (33)
which has a numerical factor very close to that in the van der Waals case
[see Eq. (19)]. In addition to the position of the ground Efimov state,
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its width also shows an 1/d2l overall scaling behavior, which leads to a
quasi-universal scaling for the decay rate of an Efimov state. This decay
is characterized by the η∗ parameter71 which can be expressed as η∗ =
(s0/2)[Im(E0)/Re(E0)] at a = ∞. Based on the numerical results78 the
dipolar η∗ has a value around 0.084. However, the width of the dipolar
Efimov state is less universal than its position — with a finite sample of
values in dl/r0  1 and some variations in the form of short-range cutoff,78
shows that η∗ can vary up to 60% depending on which dipole resonance the
three-body calculation was carried out for.
The stability of ultracold bosonic dipolar gases strongly depends on the
dipolar Efimov physics discussed above. In an early study, Ticknor and
Rittenhouse211 performed scaling analysis on three-dipole loss rates and
derived a4s scaling law when |as|  dl and d4l scaling law when |as|  dl.
Based on the knowledge in Efimov physics and the scaling behavior of two
dipoles discussed in Sec. 5.1, Wang, et al.78 have obtained the same scaling
laws. These scaling laws indicate significant losses for a 3D dipolar gas in
the strong dipole regime. Neverthless, a stable dipolar gas can be prepared
in optical lattices or reduced-dimension traps.212–217
For fermionic dipoles where s-wave scattering is absent, Ref.79 showed
the existence of a p-wave scattering length does not modify the long-range
scaling behavior. The threshold law for three fermionic dipoles is therefore
the same as the non-dipole case.218 Near a p-wave dipolar resonance, how-
ever, different from non-dipole fermions where no three-body state exists,
there is one, and just one universal three-dipole state with binding energy
E3b that scales with dl as
E3b ≈ 160/md2l . (34)
A three-body resonance is therefore expected between two two-body p-wave
resonances. In contrast to the bosonic dipoles, the binding of fermionic
dipoles is mainly from the anisotropy of the dipolar interaction and there-
fore has a size smaller than dl. This dipolar state has a preferential spatial
distribution as shown in Fig. 5. In the most probable configuration the
bond lengths were numerically found to be universally determined by dl as
0.14dl, 0.14dl, and 0.26dl.
79
Near a p-wave resonance where the scattering volume Vp goes through a
pole, the scaling law of the three-body loss rate has been extracted numer-
ically79 as L3 ∝ k4V 17/2p d35/2l . Even though there is the T 2 suppression at
ultracold temperatures, L3 grows very quickly with Vp and implies short-
lived fermionic dipolar gases on resonance. Away from resonance, the loss is
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Fig. 5. A cut of the geometrical distribution of the fermionic dipoles in a universal
three-body dipolar state along the direction of the external aligning field, indicated by
the greern line in the middle of the plane.
expected to have d8l scaling and still implies reduced stability in the strong
dipole regime.
6. Fewbody physics with other types of long-range interac-
tions
Long-range interactions bring in long-range correlations — the craddle of
universal physics. In few-body systems, long-range correlations often lead
to binding of exotic quantum states. Such states have strong impact on the
dynamics of atoms and molecules at ultracold temperatures, and provide
convenient means in quantum controls in ultracold chemistry. An example
is the the engineering of molecular states, as demonstrated by Innsbruck
group to steer diatomics through high-lying ro-vibrational states using mag-
netic Feshbach resonances.219–221 Although the control over triatomics and
poly-atomic molecular states is still in the beginning stage, microwave as-
sociation of Efimov trimers has been experimentally achieved by222 and
Machtey, et al.223 For future experimental development, it is important
to understand the properties of exotic few-body states with other types of
long-range interactions, as well as possible controls that are realizable. In
this section we give a brief review over such systems.
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Coulomb interactions. Ultracold few-body systems with Coulomb force
is very rich in exotic quantum physics. In a system of identical charges,
although interesting phenomena such as ion Coulomb crystal224 is expected
in the many-body physics level, few-body physics is less intriguing because
of the lack of binding. Systems with opposite charges, on the other hand, are
much more complicated and have been one of the main subjects in studies
of atoms and molecules for many decades. In such systems, the existence of
Rydberg series in the two-body sub-systems and the emergence of quantum
chaos near a three-body breakup threshold225 often bring difficulties in the
quantum analysis of scaling laws. Such scaling laws are very important
for atoms forming in cold plasma and has been more widely studied by
semi-classical analyses 226–228 and classical Monte-Carlo simulations229,230
Attractive 1/r2 potential. Depending on its strength, the attractive
1/r2 potential can either be supercritical with infinite number of two-body
bound states or subcritical where no two-body state is bound. If we write
the potential as
V (r) = −α
2 + 1/4
mr2
~2 (35)
for two identical bosons of mass m, the super and subcritical behaviors are
determined by α2 > 0 and α2 < 0. In the supercritical case, as mentioned
earlier the attractive 1/r2 is too singular at the origin to have a lower bound
for the ground state energy — a short-range cutoff is therefore necessary
for a system to be physical. In the subcritical case, although the attractive
1/r2 singularity does not cause any ill behavior for two bosons, Ref.231 has
numerically showed that the three-boson system suffers a collapse in the
ground state energy when α2 is the range −0.0072 . α2 < 0. With a short-
range cutoff, this collapse is avoided but the three-boson system is no less
interesting — it has an infinite number of bound states as a result of the
long-range form of a numerically observed, effective hyperradial potential
U(R) ≈ −
√
β ln(R/r0) + δ
2µ3R2
~2, (36)
with β > 0 in the range of α2 where the non-regularized system collapses.
The parameter r0 is the characteristic length scale for the short-range cutoff.
Both β and δ depend on α2, whereas δ depends also on the detail of the
short-range cutoff and is therefore non-universal.231 The collapse of a non-
regularized system can be understood by Eq. (36) when the limit r0 → 0
is taken — U(R) diverges for every R. So unlike the Thomas collapse, this
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collapse cannot be removed by simply introducing a short-range three-body
force.
For fermions, the supercritical behavior occurs when α2 > 2 due to
their p-wave barrier. In the subcritical case, it is numerically found231 that
the effective hyperradial potential for three fermions has the asymptotic
behavior
U(R) ≈ −α
2
eff + 1/4
2µ3R2
+
γ
2µ3R2 ln(R/r0)
, (37)
with α2eff > 0 when 1.6 . α2 < 2. This again leads to a collapse of the
three-body system without proper regularization in V (r). Unlike the case
of bosons, though, taking the r0 → 0 limit here does not lead to a collapse
in U(R), therefore a three-body force at small R is sufficient to avoid the
collapse of the system. Here the bizarreness is that three fermions have an
infinite number of bound states when 1.6 . α2 < 1.75, where the effective
two-body interactions (including the p-wave barrier) are all repulsive!
Although the attractive 1/r2 interaction doesn’t exist between funda-
mental particles, similar type of interactions can be found between compos-
ite particles. One example is the interaction between a charge and dipole,
although it is not obvious what changes the anisotropy could make in the
three-body physics. Also, in such systems there can be at most two pairs of
1/r2 interactions, so that the results discussed above for identical particles
do not apply directly. Another possible scenario is a system of three heavy
and one light atoms with resonant heavy-light interactions (infinite heavy-
light scattering length). In such systems the effective interaction between
the heavy ones (induced by the light particle) is also attractive 1/r2 [see
Eq. (21)]. Here, though, the question is that if the way to get the effective
interaction — the Born-Oppenheimer approximation — is good enough to
study the new, exotic three-body states in the subcritical regime, where
relatively weak effective interactions, or moderate mass ratios, are needed.
Another caution is that the effective 1/r2 interactions in this system do not
exist for all geometries of the heavy particles,31 where the possible effects
are yet to be investigated.
Ion-atom interactions. The attractive 1/r4 interaction between an ion
and a neutral atom is of much longer range than the van der Waals inter-
action between neutral atoms. The direct consequence is that the density
of state in the near-threshold two-body spectum for the ion-atom interac-
tion is much higher that the van der Waals systems, and the characteristic
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length scale
r4 = (2µ2C4)
1/2/~ (38)
for the −C4/r4 interaction is typically on the order of 103 Bohr, which
is much greater than rvdW in atomic systems. Nevertheless, the near-
threshold two-body physics for the attractive 1/r4 interaction is essentially
the same as that for the van der Waals interaction,8,17,18,163,232 and so
is expected for Efmov physics (assuming attractive 1/r4 interactions for
all pairs).50 In realistic systems, however, inelastic collisions due to elec-
tron exchange are often non-negligible, which is beyond the physics that
single-channel attractive 1/r4 interactions describe. Recent experimental
studies,233 though, have suggested that in a system of one Rb+ ion and
two neutral Rb atoms the Rb+ ion behaves more like a “catalyst” in the
process of three-body recombination, and rarely appear in the recombina-
tion products. The three-body physics in the ion-neutral hybrid system,
including electron exchange and the physics of long-range attractive 1/r4
interaction, is therefore an important topic for future studies to understand
the dynamics in ion-neutral admixtures.
Spin-orbit interactions. The term “Spin-orbit interaction”, or “Spin-
orbit coupling”, is used both in the context of atomic physics and condensed
matter physics. Here we refer to its latter meaning, namely, the interaction
between a particle’s spin or pseudo-spin s and its linear momentum p in
the following form:
V = c(s · a)(p · b). (39)
where a and b are some constant vectors that depend on how the spin-
orbit interaction is created.156 In condensed matter systems, the spin-orbit
interactions play an important role in many exotic quantum phenomena,
such as topological phases and quantum spin Hall effect.234 Thanks to
the recent experimental realization of the spin-orbit interaction, or more
generally, the synthetic gauge field in ultracold atomic gases (see a recent
review 235), physics in spin-orbit coupled few-body systems has been a very
active research subject in the last few years.
Since particles with the spin-orbit interaction are no longer in their
momentum eigenstates even when they are far apart, their low-energy
scattering properties, as well as the density of states near the two-body
breakup threshold differ dramatically from systems without spin-orbit in-
teractions.236 New, exotic few-body physics is therefore highly expected in
the spin-orbit coupled systems.
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Although still in the early stage, understanding in the two-body bind-
ing and proper treatments of two-body scattering have been developed for
spin-orbit coupled systems with different identical particle symmetries, spin
configurations, and various types of model potentials.237–242 Such develop-
ments have facilitated many experimental observations, for instance, in the
anisotropic low-energy scattering property243 and in the Feshbach molecules
creation controlled by spin-orbit interactions.244
Studies on three particles with spin-orbit interactions are just in the
beginning. Nevertheless, universal three-body states induced by spin-orbit
interactions have been predicted by245 in systems of mass imbalanced sys-
tems — two heavy spinless fermions and one light, spin 1/2 atom. In this
system, extra binding comes from the lift of degeneracy by the spin-orbit
interactions in states with the same total orbital angular momentum.
7. Summary
Few-body physics, which connects fundamental quantum physics to macro-
scopic properties of many-body systems, serves as the fundation of modern
quantum physics, quantum chemistry, molecular biology, and many other
sciences and technologies. In comparison to larger systems, on the one
hand, few-body systems are simple enough so that accurate descriptions
and understandings can be obtained; on the other hand they are com-
plex enough for many exotic quantum phenomena to occur and extensive
experimental controls to be possible. In our above discussions we have
briefly reviewed the universal properties of strongly interacting two- and
three-body systems in ultracold atomic gases, where extraordinary level of
control and tunability have been achieved over the interaction strength,
spatial dimensions, identical particle symmetries, and many other config-
urations of few-body systems. Here in particular, studies on the van der
Waals and dipolar atomic systems have indicated that a full characteriza-
tion of three-body physics is in principle feasible from the relatively simple,
yet accurately known two-body properties. Studies on the generalization of
these new findings in other ultracold atomic systems, including those with
experimentally synthesized interactions, are highly desirable and may lead
to another milestone in the quantum few-body research.
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